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WELL-POSEDNESS OF HIGHER ORDER
ABSTRACT CAUCHY PROBLEMS!

FRANK NEUBRANDER

ABSTRACT. The paper is concerned with differential equations of the type
(%) w0 () — Aul™(t) - Biu™® D (t) — .- — Bpu(t) =0

in a Banach space E where A is a linear operator with dense domain D(A)
and Bj,..., By are closed linear operators with D(A) C D(Bg) for 1 < k < n.
The main result is the equivalence of the following two statements: (a) A has
nonempty resolvent set and for every initial value (zo,...,zn) € (D(A4))"+!
the equation () has a unique solution in C**t!(R*, E) N C*(R™,[D(4)])
([D(A)] denotes the Banach space D(A) endowed with the graph norm); (b)
A is the generator of a strongly continuous semigroup. Under additional as-
sumptions on the operators By, which are frequently fulfilled in applications,
we obtain continuous dependence of the solutions on the initial data; i.e.,
well-posedness of (x). Using Laplace transform methods, we give explicit ex-
pressions for the solutions in terms of the operators A, Bx. The results are
then used to discuss strongly damped semilinear second order equations.

0. Introduction. Of concern is the abstract Cauchy problem

D (t) — Au™(t) - y Bru™ 0 (1) =0,
(ACPpy1) kz=:1

u(0)=z; for0<j<n,

where A is a linear operator on a Banach space E with dense domain D(A) and
nonempty resolvent set p(A), and By, By, ..., B, are closed linear operators with
D(A) C D(Bg) for 1 <k <m.

A function v(-) € C"+1(R*, E) is said to be a solution of (ACP,,) if v(*~*)(¢)
€ D(B) for every t > 0,0 < k < n (Bp := A) and (ACP,,4,) is satisfied.

If (ACP,,4,) has a solution for every initial value Z := (zg,z1,...,%n) € D,
where D is a dense subset of E"*1  then (ACP,4) is said to be solvable for a
dense set of initial data.

Concerning (ACP,, ;1) the following four questions will be studied in this paper:

(1) Is (ACPy41) solvable for a dense set of initial data?

(2) Does it only have one solution for every initial value?

(3) Can we find an explicit representation for these solutions?

(4) How do the solutions depend on their initial data?

The Cauchy problem (ACP,) is called well-posed if it has unique solutions
u(-) for a dense set of initial data which depend continuously on the initial data;
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ie., limp,_oo us,j )(O) =0 for 0 < j < n implies lim,—, o Un(t) = 0 uniformly on
compact subsets of R+
After introducing some notations in §1 we will recall in §2 some results on

(ACPy) u'(t) — Au(t) =0, u(0) =z,

which was introduced as an abstract Cauchy problem for differential equations in
Banach space by E. Hille in 1952 [13]. It was shown by R. S. Phillips in 1954 [23]
that existence and uniqueness of solutions for every initial data in the domain of
A is equivalent to A being the generator of a strongly continuous semigroup on E,
assuming A has a nonempty resolvent set. At the end of the second section a mod-
ified version of this theorem and a new characterization of a semigroup generator
are presented.

In §3 these characterizations yield a condition on A such that (ACP,4;) is
solvable for a dense set of initial data. Our main result is the following

THEOREM. Let A be a densely defined linear operator and let By, Bs, ..., By, be
closed linear operators on a Banach space E with D(A) C D(Bx) for 1 < k < n.
The following statements are equivalent:

(i) A 1s the generator of a strongly continuous semigroup.

(i) A has nonempty resolvent set and for every initial value (z9,21,...,2n) €
(D(A))™*! the Cauchy problem (ACP, 1) has a unique solution u(-) in

C™*'(R*,E)nC™(R*,[D(A)))

where [D(A)] denotes the Banach space D(A) endowed with the graph-norm |z, :=
|l + [l Az]|.

For n = 0 this theorem is exactly the Phillips characterization of a semigroup
generator. Therefore it may be regarded as a generalization of Phillips’ Theorem
to higher order abstract Cauchy problems.

In §4 explicit expressions for the solutions in terms of the operators A, By, Ba,...,
B,, are given. In §5 well-posedness results are proved under additional assumptions
on the operators Bj, Bs,..., B, which are frequently fulfilled in applications. In
86 we discuss the solvability of the Cauchy problem for

u® () — AuD(t) — Bu(t) = f(t, u(t)).

Among others it is shown how this damped nonlinear second order equation is
related to the first order equation

uW(t) = Au(t) + /Ot(Bu(s) + f(s,u(s)) ds.

As an example, for an arbitrary semigroup generator A and every initial value
(z,y) € (D(A))?, we construct the unique solution of the inhomogeneous damped
second order abstract Cauchy problem

u@(t) — (ad + bDuD (t) — (cA + dI)u(t) = f(¢),
u(0) =z, uM0)=v, a>0, becdeC.

1. Notation. Let E be a Banach space with norm || - ||. 0(A4) (ps(A)) denotes
the spectrum (point spectrum) and p(A) (R(}, A)) the resolvent set (the resolvent)
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of a linear operator A with domain D(A) C E and range in E. If A is a closed
operator, then [D(A™)] denotes the Banach space

(D(A™), |aln = ||l + [[Az]| +--- + | A”z])).

By C™(I, E) we denote the set of all n-times continuously differentiable functions,
by C(I, E) the set of all continuous functions from an interval I into E. For every
m € N, | f|m is defined as the following seminorm (f € C"(R*, E)):

[flm = sup [f@®)II+ sup [FO@I+--+ sup [IFP(@)].
te[o,m] te[0,m] te[0,m]

€l0,m

M, is defined as the Fréchet space
(Cn(R+3 E)’ | : lmam € N)

For the elementary properties of strongly continuous semigroups we refer to 2, 6,
12, 14, 16, 22].

2. Well-posedness of first order abstract Cauchy problems. We begin
with a short summary of semigroup theory. A family of bounded linear operators
{T(t),t > 0} on a Banach space E is called a strongly continuous semigroup (7'(t))
if:

(i) T(0) =1,

(i) T(t+s) =T(t)T(s) for t,s > 0,

(iif) ¢ — T'(t)z is continuous for every z € E.

The generator A of the semigroup (7'(t)) is defined by

o1 _ v
Az = tl_lgl+ Z(T(t):z: —z)=T'(0+)z

whenever the limit exists. The domain D(A) of A is the set of all z € E for which
this limit exists. A is a densely defined, closed linear operator with nonempty
resolvent set p(A). For every strongly continuous semigroup (7'(t)) there exist
constants w € R and M > 1 such that

IT@)I < Mev*.

Every A € C with Re A > w is an element of the resolvent set of A and for such
elements of C the resolvent R(\, A) of A is given as the Laplace transform of the
semigroup (T'(t)); i.e.,

00
R\ A)z = / e MT(t)zdt for every r € E and every A € C with Re ) > w.
0

A linear operator A is the generator of a strongly continuous semigroup if and only
if

(i) A is densely defined,

(i) there exist w € R and M > 1 such that every A € C with ReX > w is an
element of p(A) and ||R(), A)"|| < M(Re\ — w)~™ for every n € N.

This is the famous Hille-Yosida characterization of a semigroup generator.

If A is the generator of a strongly continuous semigroup (7'(t)), then, for every
t € D(A), t — T(t)z is the unique solution of the first order abstract Cauchy
problem

(ACP,) £ () = Au(t),  u(0) = z.
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Hille [13], Phillips (23] and Fattorini [7] gave different definitions of well-posedness
of (ACP;). They showed that if A is a linear operator with dense domain and
nonempty resolvent set, then (ACP;) is “well-posed” if and only if A generates a
strongly continuous semigroup. In the following theorem we recall their results;
i.e., we compile the equivalent definitions of well-posedness of (ACP;). For a proof
see, for example, [21].

THEOREM 1. Let A be a densely defined linear operator on a Banach space E.
Consider the abstract Cauchy problem

(ACPy) u'(t) = Au(t), u(0) = .

The following statements are equivalent:

(i) A 1s the generator of a strongly continuous semigroup.

(i) p(A) # & and for every z € D(A), (ACP;) has a unique solution u(-) in
C'(R*,E)NC(R*,[D(A)]) (well-posedness in the sense of Phillips).

(ili) A s closed and there exists a dense subset D such that, for every z € D,
(ACP;) has a solution u(-):R*t — D(A) in C}(R*,E). For every sequence of
solutions with u,(0) — 0 we have un(-) — 0 uniformly on compacts of R (well-
posedness in the sense of Fattorini).

(iv) A is closed and there exists a dense subset D such that, for every z € D,
(ACP,) has a solution u(-): Rt — D(A) in C}(R*,E). There are constants M, w
such that for every solution u(-) and everyt € R*,

lu®)ll < Me*[lu(0)]
(well-posedness in the sense of Hille). O

The second theorem of this section is a modified version of the characterization
of a semigroup generator by well-posedness of (ACP;) in the sense of Phillips.

THEOREM 2. Let A be a linear operator on a Banach space E such that
D(A™*Y) is dense in E for some n € N U{0}. Then the following statements
are equivalent:

(i) A s the generator of a strongly continuous semigroup.

(i) p(A) # @ and, for every z € D(A"*!), (ACP;) has a unique solution
u(-):Rt — D(A) in C**}(RH,E).

PROOF. (i) — (ii) follows from elementary semigroup theory. We show: (ii)
implies that (ACP;) is well-posed in the sense of Fattorini. A is densely defined
with nonempty resolvent set, hence closed. For every z € D := D(A™*!), (ACPy)
has a unique solution u: Rt — D(A) in C**!(R*,E) Cc C}(R*,E). We define a
linear operator K: [D(A"*!)] — M,,4+1 by £ — Kz := u(-), where u(-) is the unique
solution of (ACP;). K is a closed, everywhere defined and hence continuous linear
operator.

Now let ux(-) be a sequence of solutions of (ACP;) such that ux(0) — 0 for
k — 0o. We will show that ug(-) — 0 uniformly on compacts of Rt (well-posedness
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in the sense of Fattorini). Define vi(-) := R(A, A)"*lug(-). Then ve(-):R* —
D(A™*1) and A’vg(0) — 0 for k — oo and every 0 < j < n + 1. Hence vx(0) — 0
in [D(A™+1)).

Now we show by induction that v,(c’ ~U(.) is differentiable and that v,(c’ () =
AJvy(-) for every 1 < j < n+ 1. The statement is true for j = 1. Suppose it is true
for every 1 < m < j where 1 < j < n. Then it is true for 7 + 1 as can be seen by

(A= A)Yve(-) = R(\, A)" 1T (1)

or

o () = Al (")

= (-1 [R(A,A)"H-fukc) ->() A'(—l)f-fv,‘f"’(-)} .
(9)
k

Therefore v,”’(-) is continuously differentiable and

'v’(cj+1)(') _ (-—l)j {R(/\, A)n+l_jdk(‘) _ XJ: (i) /\r(_l)j—fvlgj—r+l)(.)l

] n+1—j : J T j—r, (J—7
ot (i )
= AJ'+lvk(.),

We have seen that v(-) is a solution of (ACP;) in C**!(R*, E), and by the conti-
nuity of K we obtain vg(-) = Kvg(0) — 0 in M, 41, which implies that 'v,(cJ )() -0
uniformly on compacts of R for every 0 < j <n+ 1. But
uk(-) = (A = A" ()
n+1

=3 ("FYor ey

r=0

and therefore ui(-) — 0 uniformly on compacts of R*. O
In the subsequent sections we will give sufficient conditions for solvability and
well-posedness of

u+D(t) — Au™(t) - 3 Bru(™®)(t) =0,
(ACPy+1) ;;1

uD(0)=z; for0<j<n

where A is a densely defined linear operator on a Banach space E with nonempty
resolvent set p(A) and By, B,...,B, are closed linear operators with D(A4) C
D(Bg) for 1<k <n.

The results there depend heavily on the following characterization of a semigroup
generator. In the proof we make use of the Phillips perturbation theorem (see, for
example, [24]) which says that if A is a semigroup generator and B is a bounded
linear operator, then A + B is a semigroup generator too.
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THEOREM 3. Let A be a densely defined linear operator and let By, B,,...,B,
be closed linear operators on E with D(A) C D(Bx) for 1 < k < n. Then the
following statements are equivalent:

(1) A 1s the generator of a strongly continuous semigroup on E.

(i)

AT 0 0
By 0 I 0
A |B 00
B |
B, 0 0 - - 0]

13 the generator of a strongly continuous semigroup on Ent1,

PROOF. (a) (i) — (ii). Let A € p(A). Define Ag := (—A + A). Then Ay is the
generator of a strongly continuous semigroup (T'(t)), 0 € p(Ao) and D(Ag) = D(A).
Define

‘M T 0 - - 0

0 0 I - - 0

e
A |

(0 00 - - 0]

and i )
A 0 O 0

B, 00 - - 0

S B

B, 0 0 - - 0]

Then A := Ag + V. We will see that Ag is the generator of a strongly continuous
semigroup on E™t1. Hence, by the Phillips perturbation theorem, A is the gener-
ator of a strongly continuous semigroup. From the closedness of the operators By
(1 € k < n) and from D(A) C D(By) we obtain that BxR(0, Ag) is a continuous
linear operator on E (1 < k < n).

For every t € R* define a bounded linear operator I'(t) on E"*! by

T(t) 00 - -0
BiRO,A)(I-T(®) I 0 - - 0

o | BRROA)I-T@) 0 I - - 0
(t) := . N
| B.RO,4)I-T(®) 0 0 - - I,

By simple matrix calculations one shows that (I'(t)) is a strongly continuous semi-
group on E™*! with generator Ao.
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(b) (ii) — (i). If A is the generator of a strongly continuous semigroup, then the
same is true for A; where

A 0 -0
A= B 00
B, 0 - 0

It is easy to see that the resolvent set of A has to be nonempty and that R(\, A;)™
is given by

R\, A)™ 0 0 0
A"™BiR(A, A)™ A~™I 0 0
A"mByR(A, A)™ 0 A™I 0

[ A-mB,R()\, A)™ 0 0 0 A-m]

Hence we obtain for the densely defined linear operator A with nonempty resolvent
set that
IR(A, A)™|| < IR\, A)™|| < M(Red —w)™

for every m € N and every A € C with Re A > w. By the Hille-Yosida characteri-

zation it follows that A is the generator of a strongly continuous semigroup. O
If A is the generator of a compact or holomorphic semigroup (for ¢t > 0) so is

A + B for every bounded B (see, for example [24]). In the proof of Theorem 3 we

have seen that the semigroup generated by

(49 0 0O 0
By, 0 0 0
N
B, 0 0 0
is given by
T(t) 0 0 0]
BiR(0,A)(I-T(t) I © 0
| BLR(0,A0)I-T(t)) 0 O - - I|

From this and the fact that A is a semigroup generator on E™*+! if and only if A
is a semigroup generator on E we obtain the following corollary.

COROLLARY 4. Let A be a densely defined linear operator and let By, B,, ...,
B,, be closed linear operators on E with D(A) C D(Bg) for 1 < k < n. Then the
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following statements are equivalent:
(i) A s the generator of a compact or holomorphic semigroup on E.
(ii) A s the generator of a compact or holomorphic semigroup on E™+1.

3. Solvability of higher order abstract Cauchy problems. In [9] H. O.
Fattorini considered the Cauchy probelm for

(#) u®(t) ~ AuV(t) - Bu(t) = 0,

where A and B are densely defined linear operators on a Banach space E. He
studied properties of the solutions under the assumption that (#) is solvable for
a dense subset of initial data such that the solutions depend continuously on its
initial data; i.e., there exist locally bounded functions Ko(-), K1(-) from R* into
Rt such that

lu(®)] < Ko(®)llu(0)]| + K1 (&)™ (0)]

for every solution u(-) of (#). Further he wrote: “We shall not be concerned here
with the problem of finding conditions on the coefficients A, B in order that the
Cauchy problem for (#) be well posed in some sense or another....”

This section deals with the problem of finding conditions on A, By, Bs,..., By,
such that the Cauchy problem for

#) WD (1) - Au () - 3 BauH () =0
k=1

is solvable for a dense set of initial data.

We remark that Phillips’ definition of well-posedness for (ACP;) and statement
(ii) in the following theorem agree when n = 0. Therefore one may regard the
following result as a generalization of the Phillips characterization of a semigroup
generator to higher order abstract Cauchy problems. For a discussion of the con-
tinuous dependence of the solutions from the initial data, see §5.

THEOREM 5. Let A be a densely defined linear operator and let By, Bs, ..., B,
be closed linear operators on a Banach space E with D(A) C D(By) for 1 <k <n.
Consider the following Cauchy problem:

(ACPp41) um () — AuM(t) = > B R(t) =0,
k=1
u9(0) = z;, 0<j<n

Then the following statements are equivalent:

(1) A s the generator of a strongly continuous semigroup.

(i) A has nonempty resolvent set and for every initial value (zg,1,...,2n) €
(D(A))*! the Cauchy problem (ACP, 1) has a unique solution u(-) in

O™ (R, E) N C™(R*,[D(A)).

(iii) A has nonempty resolvent set and for every initial value (zo,z1,...,2Zn) €
(D(A))™t! the Cauchy problem (ACP,, 1) has a solution u(-) in C*+*1(R*, E) such
that the following conditions hold.

(a) u(» ¥ (.): R+ — D(By) for 0< k < n (By := A),

(b) Brul"=k)(.) are continuous for 1 < k < n.

The solution is unique among all solutions satisfying (a) and (b).
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PROOF. (a) (i) — (ii). The proof of this implication is divided into two main
parts. In the first one (Lemma 5.1) we prove that the operator

- -

I 0 0 . . 0
- A I 0 . . 0
ve| TP A D0
) ) ) ) I 0
| =Bn-1 —Bp2 - -B1 —A I

maps D(A)"*! onto D(A™*!) where A is defined by

(A T 0 - - 0
B, oI - - 0
N R
N |
B, 0 0 - - 0]

By Theorem 3, A is the generator of a strongly continuous semigroup on E™+!,
Hence, by Theorem 2, the Cauchy problem

u'(t) = Au(t), u(0) =¥z

has for every £ € D(A)"*! a unique solution u(-) in C*+!(R*, E"*1). In the
second part, beginning with Lemma 5.2, we show that the first coordinate of this
solution is a solution of (ACPy41) in C**}(R*, E) N C™(R*,[D(A)]) with initial
value Z := (2o, 21,...,Zn) € D(A)"+1.

LEMMA 5.1. ¥ is a bijection from D(A)"+! onto D(A™1).
PROOF. An induction shows that A¥¥ (1 < k < n) is given by

0 Y
Zx 0

where
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Y,_1 :=[_IA ?], Y, =1

From this we obtain ¥z € D(A™*!) for every Z = (zo,z1,...,Zn) € D(A)"1. It
is easy to see that V¥ is an injective map. By another induction one shows that
D(A¥) is recursively given by

D(A) = {(y0,y1,---,yn) € E"l:z9 := yo € D(A)},

D(Ak+l)= {(yo,yl,...,yn)GE"“::‘J'GD(A) for0<j<k-1

andzp:= ) Bizj+ye € D(A) (Bo = A)} .
i+j=k—1

Now let (30,91, ---,Yn) € D(A™*1). Define zo := yo and zx := D, ;_x_ Bizj+yk
(Bo := A). Then (z9,21,...,%,) € D(A)"*! and

(20,21, %n) = | — E Biz; + zi = (Y0,Y1,---,Yn). O
itj=k—1 0<k<n

LEMMA 5.2. Let A be a densely defined linear operator with nonempty resolvent
set. The follouwing statements are equivalent:

(i) u(-) € C*(R*,E), u(-): Rt — D(A), and Au(-) € C*(R*,E).

(i) u(-) € C*(R*, [D(A))).

(iii) u(-) € C*(R,E), u(-):RT — D(A) and Bu(:) € C*(R*,E) for every
closed operator B with D(A) C D(B).

PROOF. A densely defined operator with nonempty resolvent set is closed. The
implication (i)—(ii) follows from the definition of the Banach space [D(A4)]. To
prove the implication (ii) — (iii) let u(-) be an element of C*(R*,[D(A)]). From
the closedness of B and D(A) C D(B) we conclude that B is a continuous operator
from [D(A)] into E. Looking at

R+ “S° D) B E

we see that Bu(-) € C*(R*, E). The implication (iii) — (i) is obvious. O
Now let (zo,Z1,...,2Zn) € D(A)™*! and define

(Y0, Y1, - - Yn) := ¥(Z0,Z1,...,Zn)

— (— Z Bi:l:j + :ltk) € D(An+1).
0<k<n

itj=k—1

Using Theorems 2 and 3 we see that there exists a unique solution u(-): Rt — D(A)
in C"+1(R+,E"+l) of

’U.,(t) = AU(t), U(O) = (yo’ Yi,--- )y‘n)'
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This implies that there are functions u;(-) € C**}(R*,E), 1 <1 < n+ 1, with
u1(): Rt — D(A), (u1(0),u2(0),. . .,un+1(0)) = (40,91, --,¥n) and
Au(t) + ua(t) = ui(t)
Biuy(t) + ua(t) = ua(t)

(1) :
Bn_lul(t) + un+1(t) = u:,(t)
Bata(t) = 0.

By the closedness of A, By, ..., B, and the differentiability of the functions u;(-) it
is easy to see that

uf ()R - D(4) and & auf() = 4ufO()

for 0 < j < n—1. Hence, by Lemma 5.2, u;(-) is an element of C**!(R*,E) N
C™(R*,[D(4))).
Now, looking at (1), we obtain

w0 (t) - AP (1) - 3 Beu{ M (t) = 0
k=1
and
k) (k=1 () 1 N By (k-19)
u{?(0) = 4l (0) + Y Biu7(0) + uk41(0)
1=1
for 1 < k < n. Therefore
u{?(0) = u1(0) = yo = 2o,
u{P(0) = Auy(0) + us(0) = Azo +y1 = 25,
“?)(0) =Az, +Bizo+y2 = E Bizj +y2 =22
i+j=1
and by induction we obtain
@{?(0),4"(0),...,u{™(0)) = (z0, 21, ..., Zn).

We have shown: given Z = (zo,21,...,Zn) € D(A)™*1, then the first coordinate
u1(-) of the solution of

u'(t) = Au(t),  u(0) = Vi,

is a solution of (ACP,1) in C"*}(R*,E) N C*(R*,[D(A)]) with initial value

(%0, Z1y .-+ Zn)-
Suppose there is another solution v(-) of (ACPp41) in

C™{(R*, E) nC™(RY,[D(4)])

with initial value (zo,...,25). Then w(-) :=v(-) — u1(-) is a solution of (ACP,+1)
in C**}(R*,E)NC™(R*,[D(A)]) with

w®(0)=0 for0<k<n.
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Define 2(t) := (w1 (t),...,wn+1(t)) where wy (t) := w(t) and
k—2
wi(t) == w*D(2) — Aw*k=D(t) - Z Bjw*=2-9)(¢).
7j=1

The function 2(-): R* — D(A) = D(A) x E™ is an element of C!(R*, E™*1) (see
Lemma 5.2(iii)) with z(0) = (0,0,...,0).
It is easy to see that

wi(t) = wi1(t) + Be—1w(t), 1<k<n.

Hence
Az(t) = (Awi(t) + wy(t) — Awi(t), Biwi(t) + ws(t), .. .,
B, _1w (t) + Wp—1 (t), B, w; (t))
= (wi (t)’ wé(t)’ ERX) w:l(t)’ anl(t))
and

n—1
Whaa () = 0 D(0) — A (B) — 3 Bew9(6) = By (1
k=1
(since wy (+) is a solution of (ACP,+1)). Therefore Az(t) = 2/(t), 2(0) = 0. But A
is a semigroup generator and therefore z(-) = 0, w(-) =0 or u(-) = v(-).

(b) The equivalence of statements (ii) and (iii) follows from the following consid-
erations. Let u(-) be a solution of (ACP,;) in C**}(R*, E) N C"(R*,[D(4)]).
Then u(*=*)(.): R* — D(A) C D(B) for 0 < k < n (Bp := A) and by Lemma 5.2
we obtain the continuity of Bju("~k) (Yfor1<k<n.

If u(-) is a solution of (ACP,1) with the properties (a) and (b) of statement
(iii), then

t = Au™(t) = u( T (¢) - Z Bru~H)(t)
k=1
is a continuous function. Therefore

t
u=D(t) = / u(™(s)ds € D(A) for every t > 0
0

and ' n
£ Au=D(g) = 4™ () / 3 Beu™R)(s) ds
0 k=1
is continuously differentiable. By induction we obtain

(1) w9 (t) € D(A) for every t > 0 and every 0 < j < n,

(2) Aul?)(-) are continuously differentiable for 0 < j <n — 1.

Hence u(-) € C**}(Rt,E), u(-): Rt — D(A) and Au(-) € C*(R*,E). There-
fore, by Lemma 5.2, u(-) € C**}(R*, E) N C™(R*,[D(4))).

() (ii) — (i): Let (yo,¥1,---,Yn) € D(A™*1). Then, by Lemma 5.1, there is a
unique (zo,Z1,.--,Tn) € D(A)"+! with ¥(zq,z1,...,Zn) = (Y0, ¥1,---,Yn) Where
zo = Yo and zx := Zi+j=k—1 B,'Zj + Yk (Bo = A). Let u() € Cn+l(R+,E) n
C™(R*,[D(A)]) be the unique solution of (ACP,) with initial value (zo, 21, ...,
r,). We will show that for every (yo,v1,--.,yn) € D(A™*!) the Cauchy problem
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u/(t) = Au(t), u(0) = (¥o0,¥1,---,Yn) has a unique solution in C*+!(R*, En+1).
Then, by Theorems 2 and 3, A and hence A is a semigroup generator.
Define uo(t) := u(t),

uk(t) == Jz:;c [/Ot (T—l_k)—!(t — 8)~*Bjug(s)ds + G _1 k)!tj—kyj

and w(t) = (uo(t),u1(t),...,un(t)). Then w(0) = (yo,¥1,---,Yn) and, by Lemma
5.2, w(-) € C**}(R*, E™*1). From the definition of the functions u(-) it follows
that

Biuo(t) + uz(t) = ui(t)

Baug(t) + us(t) = us(t)

Br_1ug(t) + un(t) = up,_4(2)
Bnu()(t) = 'u':z(t)’

Therefore, in order to show that w(-) is a solution of the differential equation
u'(t) = Au(t), it suffices to prove the validity of the equation

Auo(t) + ui1(t) = ug(t).
Define

g(t) == Auo(t) + gl/o ﬁ(t - S)j"lBj’u,o(s) ds + é —(j j 1)!tj—1yj

= Aug(t) + u1(t).
Then we obtain the equality g(-) = ug(-) from the equations
9(0) = Azo + y1 = 1 = u(V(0),
g'(0) = Azy + Byzo + y2 = 22 = uP(0),

g(n_l)(O) = E Bizj +Yn =Tp = u(™ (0)
t+ij=n—1
and

n
g™ (1) = Aug? (1) + 3 Beuf" 7 (1) = u+D ).
=1

Suppose v(-) € C*t1(R*, E"*1) is a solution of

u'(t) = Au(t), u(0) = (0,0,...,0).

By the same arguments as in the proof of the implication (i)—(ii) we obtain
that the first coordinate of v(-), denoted by wp(-), is a solution of (ACP,;) in
C"*t}(R*,E) N C™(R*,[D(A)]) with initial value (0,...,0). Hence vo(-) = 0 and
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from

A'Uo(t) + v (t)

o(t)
Biuo(t) + v2(t) = v}

(t)

(7
v

I

Br_1v9(t) + vn(t) = v,_4(2)

we obtain v(-) = (vo(+),v1(*), .- ., n()) = 0. Therefore w(-) € C**}(R+, En*1) is
the unique solution of the Cauchy problem u'(t) = Au(t), u(0) = (Y0,Y1,---,Yn) €
DA™Y, O

The most restrictive assumption in Theorem 5 is D(A) C D(Bg) for 1 < k <n.
If A is a bounded operator, then the statement of the theorem is well known (every
By, has to be bounded then). For bounded A in general nothing can be said about
existence of solutions of (ACP,,+1) if one of the operators B; is unbounded.

For damped second order problems

u”(t) — Ad'(t) — Bu(t) =0,
u0) =z, W(0)=y

answers can be given if B is a cosine family generator and A is a bounded operator
commuting with the resolvent of B. For a summary of cosine family theory and
references to the literature we refer to [17 and 23]. In the next theorem we have to
know a Banach space F which appears in the following characterization of a cosine
family generator, due to Kisynisky [15]. A densely defined linear operator B on a
Banach space E is the generator of a strongly continuous cosine family if and only
if

(1) there is a Banach space F' with D(B) C F C E such that the Banach space
topology of F is not weaker than the topology induced in F by E.

(ii) The operator |3 (I)] with domain D(B) x F is the generator of a strongly
continuous group on the Banach space F' x E.

The space F is given as the closure of D(B) under the norm

1 —an
Jelle = lall + sup {| 10— 0 (5 ) AR, )z

(see [30]). If B is unbounded then [D(B)] # F # E. Fattorini (7], Sova (28]
and Da Prato-Giusti [3] proved that well-posedness of the undamped second order
Cauchy problem (corresponding to A = 0) is equivalent to B being the generator of
a strongly continuous cosine family. For a unified treatment of their results see [21].
In the proof of the next theorem we make use of their result and of a perturbation
theorem (see [5, 13]) which says that if B is a cosine family generator and C is
bounded, then B + C is a cosine family generator too.

, A> w, neN}

THEOREM 6. Let B be a densely defined linear operator on a Banach space E.
Consider the following damped second order abstract Cauchy problem:
u”(t) — Au'(t) — Bu(t) = 0,

#) u(0) = z, v(0) =y.

Then the following statements are equivalent:
(i) B ts the generator of a strongly continuous cosine famaly.
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(il) p(B) # D and, for everyz € D(B), y € F and every bounded operator A with
AR()\, B) = R(\,B)A, (#) has a unigue solution u(-):R — D(B) in C*(R,E).
For every sequence of solutions of (#) with

nlin;o un(0) = nlirrgo uM(0) =0
we have u,(-) — 0 uniformly on compacts of R.

PROOF. (ii) = (i) follows from the fact that the undamped equation is well-
posed if and only if B is a cosine family generator. To prove (i) = (ii) let B be
a cosine family generator and A a bounded operator with AR(A, B) = R(), B)A.
Then B+ 1 A? is a cosine family generator, A: D(B) — D(B) and the second order
Cauchy problem

D (t) - (B+ 34%) u(t) =0,
u(0) =z, uM(0) =y - 3Az

has a unique solution u(-): R — D(B) in C%(R, E) for every z € D(B), y € F (see,
for example, [21]).

Define v(t) := T(t)u(t) where (T(t)) is the group generated by A. From
AR(A, B) = R(), B)A we conclude that T'(t)R(\, B) = R(A, B)T(t), T(t): D(B) —
D(B) and BT (t) = T(t)B on D(B). Moreover,

v (t) = LAT(t)u(t) + T(t)uM(2),

v@(t) = 1 A%(t) + AT (t)uV)(¢) + Bo(t),

v (t) — AvM(t) — Bu(t) =0,
v(0) =z, () (0) = y.

Suppose there is another solution g(-) of (#) with g(-):R — D(B) and ¢(:) €
C%(R,E). Then h(:) := g(-) — v(-) is a solution of

u@(t) — AuV(t) — Bu(t) =0,
uw(0)=0, «M0)=0
and f(-) :== T(—-)h(-) a solution of
u® () - (B + ;A%)u(t) =0,
uw(0)=0, uM(0)=0.

Therefore f(-) = 0 and, by the bijectivity of T'(—t), h(-) =0 or g(-) = v(-).
Let hy,(-) be a sequence of solutions of (#) such that

lim ha(0) = lim h{D(0) =0.
Define f,(-) := T(—-)hn(:). Then the functions f,(-) are solutions of
v (t) - (B+14%)u(t) =0,
w(0) =hn(0),  uV(0) = h{Y(0) — 34hn(0).

But then f,(-) and hence h,(-) converge to zero uniformly on compacts of R. 0O
Another important case of

u”(t) — Au/(t) — Bu(t) =0
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is the class of equations in which A and B are densely defined operators with
D(B) Cc D(A). Sandefur [25-27] and Aviles and Sandefur [1] discussed iterated
differential equations

(##) 1 <% - Ai> w(t) =0

i=1
where A; are semigroup generators on a Banach space E such that
D :={D(A;q1) - Aim));i(7) €{1,...,n}, m=1,2,.. }
is dense in E. For n = 2 (#+#) becomes
(###) w(t) - (AL + 2w () - ArAzw(t) = 0.

Sandefur proved well-posedness of (##) for every 1 < k < n (along the lines of Fat-
torini) under the assumptions on the operators A; mentioned above. Therefore, in
the case that D(B) is contained in D(A) one obtains well-posedness if the operator
A is the sum and the operator B the product of two semigroup generators.

For further results on higher order Cauchy problems and references to the lit-
erature we refer to [7, 10, 11, 13, 18, 31| and a paper of Weiss [32] which was,
together with [26], the starting point of our investigations.

4. Explicit solutions of higher order Cauchy problems. In this section
we show how to get an explicit expression for the solution of (ACP, ;). As proved
in the previous section the solution of (ACP,1) is given by the first coordinate of
the semigroup I'(¢t) generated by A as defined in Theorem 3. The first and main
step to obtain this “first coordinate” is the formula for R(\, A) given in the next
proposition.

PROPOSITION 7. Let A, By, Bs, ..., B, be densely defined closed operators and
let D(A) C D(By) for 1 < k < n. Define A as in Theorem 3. Then the following
statements are equivalent:

(i) A € p(A).

(ii) Ry :=(A"(A—A) = A""1B; —--- — B,)7! exists.

(Remark: in the scalar case Ry corresponds to det(A — A)~1.) If A € p(A) then
R(A, A) s given by

[ A"R, ARy A"T2R, N
YiRyn M 1XiRy A2X4Ry, - - XiR»
/\YQR,\ Y2R,\ )\"_2X2R)\ . . XzR,\
| A""1Y,Ry  A"T2YLR) . Y.Rx - XnR|
where
Xl = A= A,
Xe=(MN"1A=A)-X2B -~ By (k>2)
Yi:=) MAkBy.

7=k
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PROOF. (i) — (ii). Let A € p(A). Then there are bounded operators X;; on E
such that

(Xi)(A=A)=(A - A8)(Xy) = 1.
This leads to the following equations:

(1) Xins1(A"(A=A4) = A""1B; —-.. - B,) =1,
Xl,k = /\n+l_kX1,n+1 for1<k<n.

() Xi1A—A)—X;2B1— -+ —X;nt1Bn=0 (2<i<n+1),
Xijg =A"T17EX; iy fori<k<n+1,

and X; = A" 17k(Ant2-iX, o T fork<i— 1.

3) (A= A)X11-Xog=1
and (/\—A)Xl,k—Xz,k =0for2<k<n+1.
(4) —BiX1k + AXit1,6 — Xivok = biy1,6]

fori1<i<m—-1land1<k<n+1.
(5) —Bn X1k + A Xnt1k =0ny16] for1<k<n+1.
Looking at (3) and (4) we obtain:

A= A)X1n+1 = Xojnt1

- BiXint+1+ AX2nt1 = X3n41

© - BaXi1nt1+ AX3nt+1 = Xant1
6

- Bn—lxl,n+1 + A‘Xn,n+1 = Xn+l,n+1
- BnXI,n+1 + A-Xn+l,n+l =1

From (6) we obtain

(7) (A"A=A)=A""'By—-- —B) X1 1 =1
Therefore, by (1) and (7),
Ryi=Xinp1=("(A—A) = \"1B, —..._ B,)"!

exists. By (6) we obtain expressions for Xy 41 for 2 < k < n+ 1 and by (1)-(3)
for all X; x. This leads to the formula for R()\, A) stated in the proposition.
(i) — (i). If Ry exists, then define R(\, A) as above and show that

RO\ A)A-A)=(A— A)R(N,A) =1I.

We remark that no commutativity of the operators Ry, A, By, ..., B, is needed to
prove the first equality. O
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COROLLARY 8. Let A be the generator of a strongly continuous semigroup and
let By, By, ..., By, be closed operators with D(A) C D(Bg) for 1 < k < n. Then
there exists a real number w such that, for every A € C with ReX > w, Ry :=
(A"(A = A) = XA*"1B; —--- — B,)7! exzists. Let p > w and define  as the path
{p+1iR}. Then a solution of (ACPn1) is given by

n k—1
L./e)‘tzx\n_kR)\ - Bk_l_j.’l:j + x| dX
2m J, = =

for every initial value (zo,z1,...,2,) € (D(A))"+1.

PROOF. Let 7 := (z9,71,...,2,) € (D(A))"*!. Define ¥ as in the proof of
Theorem 5(a). Then

U(z0,Z1,---,Zn) = (20,21, - - 2n)
where
k—1
2k = — Z Bk_l_j:l:j + Tk (Bo = A)
7=0

Define A as in Theorem 3. Then, as shown in the proof of Theorem 5, a solution
of (ACP,, 1) is given as the first coordinate of I'(¢)¥Z, where ['(¢) is the semigroup
generated by A. Using the inversion formula for the Laplace transform

R ]
(t)¥z = 5 L MR(), A)UZ d)

(for a proof use [33, p. 66]; or [4]) and Proposition 7 we obtain the expression for
the solution of (ACP,1) stated in the corollary. DO

At first glance the formula for the solution as given in Corollary 8 seems to be
rather difficult. However, there are a lot of examples in which an explicit expression
for the solution can be easily determined by the formula above (see the examples
at the end of the next section and at the end of the paper).

5. Well-posedness of higher order abstract Cauchy problems. The
Cauchy problem (ACPp) for

(#) um D (t) — A (t) = > Bu™ () =0
k=1
is called well-posed if
(i) (ACP,41) is solvable for a dense subset D of initial data = (2o, 21,...,%n)
in Ent1,

(i) The solutions depend continuously on their initial data; i.e.: Let (vk(-)) be
a sequence of solutions of (ACP,,41) such that v,(c’ )(0) — 0in E for k — oo and
0 < j < n. Then vk(-) — 0 uniformly on compacts of R*.

We remark that assumption (ii) implies uniqueness of the solutions and we start
our discussion of well-posedness with a fundamental lemma which will be of frequent
use in the following (for a version of the lemma for n = 1, see §6).
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LEMMA 9. Let A be the generator of a strongly continuous semigroup and let
By, Bs, ..., B, be closed operators with D(A) C D(By) for 1 < k < n. Then there
are strongly continuous families (T; ;(t)) (t > 0, 0 < 2,7 < n) of bounded linear
operators such that the semigroup I'(t) generated by

A 1 0 - - 0
B, 01 - - 0
N R
B |
| B. 0 0 - - 0]
s given by
Too(t) - - Ton(t)
Too(t) - - Tan(t)

The families (T; j(t)) have the following properties:
(a) To,0(t): D(A) — D(A) and To j(t): E — D(A) for 1 < j < mn.
(b) If0<i<n—-1andl < j<n,thent — T; j(t)x is continuously differentiable
for every z € E and (where necessary, define By := A)
Ti,,j(t)x = Ti,j._l(t):l: = B,-To,,-(t)z + Ti+1‘j(t)a:.

() f0<i<n-—1andj=0, thent — T;o(t)z is continuously differentiable
for every z € D(A) and

,«',O(t)x = Z T k(t)Brx = BiTo0(t) + Tit1,0(t)z.
k=0

(d) Ifi=n and 7 =0, then t — T, o(t)z is continuously differentiable for every
z € D(A) and ‘
T, o)z = Tni(t)Bez = B,Too(t)z.
k=0

() Ifi=n and 1 < j < n, thent — T, j(t)z is continuously differentiable for
every z € E and

T, ;(t)z = Tn,j-1(t)z = BaTo,i(t)z-
(f) Letz := (220, 3 P xn) € (D(A))"""l Then

n k—1
v(t) := E To,k(t) [zk - Z Bk—l—j"’j‘
k=0 Jj=0

=0 k=i+1

n—1 n
=Y [To,z‘(t)zi -y To,k(t)Bk—l—ixi] + Ton(t)zn

18 a solution of (ACPyp41) with initial value Z.
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PROOF. Statements (a)—(e) follow from the facts that D(A) is given by
D(A) ® E™, I'(t): D(A) — D(A) and that (d/dt)['(t)T = ATL(t)z = I'(t)AZ for
every T € D(A). Statement (f) follows from the proof of Theorem 5. O

COROLLARY 10. Let A be the generator of a strongly continuous semigroup and
let By, Bs, ..., B, be closed linear operators with D(A) C D(By) for 1 <k < n. Let
uk(-) be a sequence of solutions of (ACP,41) in C*T1(R*T,E) N C*(R*,[D(A)])
with u(0) — 0 in [D(A)] for 0 < j < n—1, u{™(0) € D(A) for all k and
ufc") (0) = 0 in E. Then uk(-) — 0 in E uniformly on compacts of R*.

PROOF. The initial values are all in D(A). Therefore, by Theorem 5 and the
previous lemma, the solutions are unique and given by

n k—1
u(t) = Z Tok(t) |u*)(0) - E Bi—1-;u(0)] .
k=0 =0

The statement of the corollary follows now from ||T; ;(t)|| < ||T(¢)]] < Me** and
the continuity of the operators By from the Banach space [D(4)] into E. O

In order to motivate the hypothesis of the following theorem we will consider for
a moment the second order equation

(#) u®(t) — AuV(t) — Bu(t) = 0.
Examples are the strongly damped wave equation
u@(t) — aAuM(t) — Au(t) =0, a>0,
the linear strongly damped Klein-Gordon equation
u®(t) — 2aAuV(t) — (A + bD)u(t) =0
and the vibrating beam equation
u@ (t) + 2(aA? + b)uV (t) + A?u(t) = 0.
We see that (#) frequently appears in the form
u@(t) = (aA + bDuM(t) — (cA + dl)u(t) = 0, a>0,becdeC.

For a discussion of this equation see the example following Corollary 21. In this
case

1 1
= - Ab—d), A
R a)\+cR<a/\+c(/\ Ao - d), )

and hence, for B := cA+dI we obtain BR) = R)B on D(A), which is the additional
assumption in the following theorem.

THEOREM 11. Let A be the generator of a strongly continuous semigroup and
let By, Bo, ..., B, be closed operators with

(i) D(A) C D(Bg) for 1 <k <mn.

(i) BeRx = RyBx on D(A) for 1<k <nand A € {p+iR}, p > w (w defined
as in Corollary 8).




WELL-POSEDNESS OF ABSTRACT CAUCHY PROBLEMS 277

Then (ACP,y1) is well-posed and every solution with initial value (zo,z1,
oy Tn) 15 gwen by Y p_o Tnokn(t)zr where the operators Tp_kn(t) are defined
as in Lemma 9.

PROOF. (a) From BixR) = R\By, on D(A) for 1 < k < n it follows that ARy =
RyA on D(A). Let \,u € {p+iR}. For every z € E define y := Ryz € D(A).
Then

R\R,z = R\R,(A\"(A— A) — A" 'B; —--.— B,)y
=R\(\"(A—A)—A""'B; —---— B,)R,y = R,Rz.

Therefore RyR,z = R, Rz for \,u € {p+iR}.
(b) As seen in §4, the operators Tp ;(t) (0 < j < n) are given as inverse Laplace
transforms of the functions A — A7 Ry; i.e.,

1 :
To,j(t):t = o ,/,7 e'\t)\n—JR)‘:E dA
for every z € E (if 1 < j < n) or for every z € D(A) (if 7 = 0). Therefore, by
the closedness of the operators By (0 < k < n, By := A), we obtain Ty ;(t)Bx =
By To,;(t) on D(A) for 0 < 7, k < n.
(¢) By Lemma 9(f), a solution of (ACP,,11) with initial value (zo,z1,...,Zn) €
(D(A))"*+! is given by

n—1
Y Si(t)zi + Ton(t)zn,
=0
where "
S,'(t):l: = To,,'(t):l: — Z TO,k(t)Bk—l—ix
k=i+1
= To,i(t)z — E Bk_l_iTo,k(t):l:
k=1+1
for z € D(A). By Lemma 9(b), we obtain
n—i—1 n—i—1
Sit)z :=To(t)z— Y. Tek+i()z+ D Tertht14i(t)T = Tnin(t)z.
k=0 k=0

(d) Let u(-) be a solution of (ACP,, ;) with u()(0) = 0 for 0 < j < n. Define
v(-) :== Ryu(-). Then v(-) is a solution of (ACP,4;) with v)(0) =0for 0 < j<n
and Biv(™%)(.) = By Ry\u(®¥)(.) are continuous functions. Hence, by Theorem
5(iii), v(-) = Rau(-) = 0 or u(-) = 0. Therefore, the solution of (ACP,41) is
uniquely determined by its initial data.

(e) Let T = (zo, Z1, - - ., Zn) € (D(A))™*1. Then the unique solution of (ACP,,)
with initial value Z is given by Y - o T (t)z:.

Let (vk(-)) be a sequence of solutions of (ACP, 1) such that v,(c’ )(0) — 0 for
k — oo and 0 < 5 < n. Define ui(-) := Ruvk(-). Then uk(-) is a solution of
(ACPp41) with ufc’ )(0) € D(A) for 0 < j < n. Therefore

we(t) = Ryve(t) = f: Tp_in(t)Ru0((0).
1=0
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As seen in §4, the operators Tk ,(t) (0 < k < n) are given as inverse Laplace
transforms of the functions A — Xy Ry where Xp = I, X1 = (A — A),

Xie=(W"'A=4)=X2B—...—B_1)  (k>2);
ie.,

Tin(t)z = i / e X Ryzd) for every z € E.
2m J,
Now let 4 € v = {p + 1R}. Then, as proved in (a),
1
Tk,n(t)Ry.x = '2-5 /; eAthR,\R”:E dA

_p L [ x
_R”21ri/76 XkR,\xd/\

= RMTk,n(t)x
for every z € E. Therefore

uk(t) = R,uk(t) = R, (f: T (t)0l) (0))
1=0
or

ve(t) = Y Tucim(t)o?(0).
=0

Hence, by
ITn—in(®)ll < T < Me®,

we obtain that vg(-) — 0 uniformly on compacts of R*. O
EXAMPLE. Let A be the generator of a strongly continuous semigroup (7'(¢)) on
a Banach space. Consider the well-posed Cauchy problem

2@ (t) — Az (t) 4+ ez (t) — cAz(t) =0,
z(0) = zo, W (0) =21, zP(0)=zo, z; € D(A)
where c is any nonzero complex number. In this case
Ry =(D2(A = A)+ A —cA)"t = (A2 +¢)"1R(), A).

Define

k—1

2 = — Bk..l..j:t_-,‘ + T
=0

Then 29 = zg, 21 = —Axo + z1, 22 = cxg — Az1 + 2 and the unique solution
v(-) is given by

%i / (A2 +¢)"Y(A2Ry20 + ARx21 + Ry22) d)
o

_ 5715 / (02 + )~ (Azo + 71 + RO\, A)(czo + 72)) dA.
v

By
(a) O 4ot =3 (cer2)n,
n=0
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1 1

A [k e gy = Lok
(b) s /7 Ak ) = Lok,
© 1 / A= DA RO A)pd) = / L 9 T(s)zds

2me J, ’ o n! ’

and

0 1

—¢)"——12" = cosh /—¢t,
0 7;)( )" @y
_e\r - 42n—1 : —
Z( c) Gnt 1)!t \/__csmh\/ ct,

n=0
we obtain that the solution v(-) can be written as:

(cosh v/=ct) zo + % (sinh v/=ct) z,

1 [t
+ = /0 (sinh v=E(t - 5)) T(s)(czo + z2) ds.

EXAMPLE. Let A be the generator of a strongly continuous semigroup (7'(t)) on
a Banach space. Consider the well-posed Cauchy problem
2@ (t) — Az (t) — aAzV (t) — 3022 (t) - 1a?Az(t) — Lal2(t) = 0,
(0) =xzo, zV(0) =21, zP(0) =z, Zo,Z1,Z2 € D(A),
where a is any nonzero complex number. Then
Ry =(A+4a/2)72R(\ — a,A),
z0=1x0, 21 =—Azo+11,

20 = —A(azo + 1) + 22 — %a%:o

and the solution is given by
L[ ox (,\ + 9)_2 [N2R(A — a, A)zo + AR(A — a, A)zy + R(A — a, A
. ) 5 1 a, )22] dA
2m J, 2
With similar calculations as in the previous example we get as the unique solution
of the Cauchy problem:

t
e /%t [/ (t — 8)e3%/%3T(s) <%a2xo +az; + x2) ds+xzo+t (%xo + 1:1)] . DO
0

6. Damped second order Cauchy problems. In this section we investigate
damped second order Cauchy problems

u®(t) - AV () - Bu(t) = f(t,u(t)), w(0)=z, 1D(0)=y

which we will call semilinear if f(-,-) # 0 and inhomogeneous if f(-,u(-)) is inde-
pendent of u(-); i.e., f(t,u(t)) = g(t) for some function g(-):R* — E. We show
how the problem above is related to the initial value problem

uW(t) = Au(t) + /Ot(Bu(s) + f(s,u(s)) ds, u(0) = z,

which will be called the integrated Cauchy problem.
We start with a version of Lemma 9 for n = 1.
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LEMMA 12. Let A be the generator of a strongly continuous semigroup on E
and let B be a closed linear operator on E with D(A) C D(B). Then there are
families (T;(t)), 1 <1 < 4,t > 0, of bounded linear operators on E such that the

semigroup I'(t) generated by A := [A I ] 1s given by

Ti(t) Ta(t)
Ts(t) Tu(t)|

For every 1 <1 <4 and every z € E the map t — T;(t)z is continuous and
(i) T1(0) = I, Ty (t): D(A) — D(A), t — Ti(t)zx is continuously differentiable for
every € D(A) and
Ti(t)z = ATy (t)z + Ts5(t)z = T1(t) Az + T>(t) Bz,

(i) T2(0) = 0, To(t): E — D(A), t — Ta(t)z is continuously differentiable for
everyz € E and
Ty(t)z = Ti(t)z = AT (t)x + Tu(t)z,

(iii) T5(0) = 0, t — T3(t)z is continuously differentiable for every z € D(A) and
T3(t)z = BTi(t)z = Ts(t)Az + T4(t)Bz,
(iv) T4(0) = I, t — Ty(t)z is continuously differentiable for every z € E and
T;(t)z = BT,(t)z = Ts(t)z,

(v)
Ti(t + s) = T1(s)T1(t) + T2(s)Ts(t),
To(t + s) = T1(s)T2(t) + Ta(s)T4(t),
Ta(t + s) = Ts(s)Tu(t) + Ta(s)Ts(2),
T4(t + s) = Ts(s)T2(t) + Ta(s)Tu(t).

For a proof of statements (i)—(iv) see Lemma 9. Statement (v) follows from

Ft+s)=T@E)I(s). O

COROLLARY 13. Let A be the generator of a strongly continuous semigroup on
E and let B be a closed linear operator on E with D(A) C D(B). Then there is a
w € R such that for every A € C with Re A > w, Ry := (A\(A—A)— B)~! ezists. Ry
1s the Laplace transform of a strongly differentiable family W (t) of bounded linear
operators on E; i.e.,

R,\z:/ e MW (t)z dt
0

for every z € E and every A € C with ReA > w. W(t) is given as the inverse
Laplace transform of Ry; i.e.,

_ L o
W(t)z = 27”./76 RazdA

for every x € E. The family (W(t)) has the following properties:

(i) W(0) =0,

(ii) W(-): E — D(A), BW(-)x is continuous for every z € E, W'(:): D(A) —
D(A) and W'(-) is continuously differentiable for every x € D(A),
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(ii) W'(t)z = AW (t)z + J; BW (s)zds + ,
(iv) W®(t)z = AW'(t)z + BW (t)z.

The semigroup generated by A := [ g é] 18 given by

W' (¢) W (t)
BW(t) [y BW(s)ds+I

PROOF. As we have seen in the proof of Proposition 7 the resolvent of A is
given by

BR, (- A)R\

Define W (t) := T3(t) (see Lemma 12). Then the statements of the corollary follow
from Lemma 12 and the fact that the Laplace transform of a strongly differentiable
operator family is invertible for every z€ E. 0O

. 0 n )

COROLLARY 14. Let A be the generator of a strongly continuous semigroup on
E and let B be a closed linear operator on E with D(A) C D(B). Then, for every
z € D(A) and y € E, the integrated Cauchy problem

t
u(t) = Au(t) + / Bu(s)ds + y, u(0) ==z
0
has a unique solution u(-) in C*(R*,E). The solution is given by
W (t)z+W(t)y = L / eMRyA(\z + ) dA
2m J,
where Ry, W(t) are defined as in Corollary 13.
PROOF. Ezistence: Define
ut) =W (t)z+W(t)y = —1— / M Ry(Az + y) dA
2me J,
=Ti(t)z + Ta2(t)y
(T1(t), T2(t) as in Lemma 12). Then u(0) = z, Bu(-) is continuous and
uD(t) = ATy (t)z + Ts(t)z + ATo(t)y + Ta(t)y
¢
= Au(t) +/ Bu(s)ds +y.
0

Uniqueness. Let v(-) be a solution of the integrated problem with z = y = 0;
ie, v(-):R* — D(A) is in C}(R*, E), Bu(-) is integrable and

v(t) = Av(t) + /t Bu(s) ds, v(0) =0.
0

Define w(t) := fg v(s)ds. Then
(a) w(t) € D(B) for every t > 0 and w(0) = 0,
(b) w'(t) € D(A) for every t > 0 and w'(0) = 0,
(c) Bw(-) is continuous and
w@(t) — AwM(t) — Bw(t) = 0.

Therefore, by Theorem 5, w(-) = 0 or, by the continuity of v(-),v(-) = 0 for every
t > 0. Hence the solution of the integrated Cauchy problem is unique. 0O
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THEOREM 15. Let A be the generator of a strongly continuous semigroup on
E and let B be a closed linear operator on E with D(A) C D(B). Let f be a
continuous function from Rt into E and let

Ty(t) Ta(t)
T3(t) Tu(t)

be the semigroup gemerated by A := [ gé]. Then the following statements are
equivalent:
(i) t— fg Ti(t — s)f(s) ds 1s continuously differentiable.
(ii) The mnhomogeneous damped second order Cauchy problem
u?(t) - AV () - Bu(t) = f(1), w(0)=3, uM(0)=y

has for every z,y € D(A) a solution u(-) in C*(R*, E) such that Bu(-) is contin-
uous.

If BR)y = R)\B on D(A), then every solution s unique. Otherwise the solution
15 unique among all solutions u(-) for which Bu(-) 1s a continuous function.

PROOF. (i) — (ii). Uniqueness: If there are solutions u(-) and v(-), then h(-) :=
u(-) — v(-) is a solution of

u@(t) — AuV (t) — Bu(t) = 0, u(0) = uM(0) = 0.

If BRy = R)B on D(A) or if Bh(-) is continuous, then, by Theorems 5 and 11,
h(-) = 0. But then u(-) = v(-).
Ezistence: Define

z(t) :=Ti(t)z + To(t)(y — Az) + /Ot To(t — s)f(s) ds,

w(t) = /0 T (t — s)f(s) ds.

By Lemma 12 we obtain that Bz(-) is a continuous function and

’—lz(w(t +h) —w(t) = %(Tl (h) — Dw(t)

+ %Tg(h) /Ot Ty(t — s)f(s)ds

h
+}ll/tt+ Ty(t+ h — 5)f(s) ds.

From AT(-) = Ty4(-) — T1(-) we see that AT (-) is continuous and by the closedness
of A we get w(-): Rt — D(A). Therefore the right-hand side of the equation above
converges as h — 0, z(-) is continuously differentiable and

gW(t) = Az(t) + Ts(t)z + Ta(t)(y — Az) + /Ot Ta(t — s)f(s)ds.

Now z(1)(-) is continuously differentiable if and only if Az(-) is. But
Az(t) = To(t)Bz + T1(t)y — Ts(t)x — Ta(t)(y — Azx)

_/tT4(t —s)f(s)ds+/tT1(t—S)f(s)ds
o 0
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and therefore Az(-) is continuously differentiable if and only if

¢
t-—»/ Ty(t — )f(s)ds
0
is continuously differentiable. By (i) and the closedness of A we obtain (d/dt)Az(t)
= Az(1)(t) and
z(t) = Az (t) + T4(t)z + Ta(t)(y — Ax)

+%/OtT4(t—s)f(s)ds
= Az(V(t) 4+ BTy(t)z + BT:(t)(y — Az)

+B/tT2(t—s)f(s)ds+f(t)
0
= Az (t) + Bz(t) + f(¢).

(if) — (i). Let z(-) be a solution of the damped, inhomogeneous problem
such that Bz(-) is continuous. Then Az(-) is continuously differentiable. Define
u(:),F(-):R* - E x E by

u(t) = (z(t), eV (t) - A1),  F(t):= (0, f(2)).
The function u(-) is continuously differentiable and
uM(t) = Au(t) + F(t), u(0) = (z,y — Az).
By [22, p. 106], we obtain

u(t) =T(t)(z,y — Az) + /Ot I'(t—s)F(s)ds
or

z(t) =T (t)z + T2 (t)(y — Az) + /Ot To(t — s)f(s) ds.

But z(-) is twice continuously differentiable and, as seen in the first part of the proof,
this is the case if and only if t — fot T:(t—s) f(s) ds is continuously differentiable. O
The easy proofs of the following lemmas are omitted.

LEMMA 16. Let {V(t),t > 0} be a strongly continuous family of bounded oper-
ators on E and let f(-) be an element of C}(R*,E). Then

w(t) = / Vit - 8)/(s) ds
0
18 continuously differentiable and
w(t) = /tV(t —38)f'(s)ds + V() £(0).
0

LEMMA 17. Let f(-) be an integrable function and fcf Ti(t — s)f(s)ds € D(A)

for everyt > 0. Thent — fot Ti(t — s)f(s)ds s continuously differentiable (A and
Ti(-) are as in Theorem 15).

COROLLARY 18. Let A be the generator of a strongly continuous semigroup on
E and let B be a closed linear operator on E with D(A) C D(B). Let f be a
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continuous function from R* into E such that either

(1) f(-) is continuously differentiable or

(i) f(-):R* — D(A) and Af(-), Bf(:) are integrable.

Then, for every z,y € D(A), the inhomogeneous, damped second order Cauchy
problem

uP(t) - A () - Bu(t) = (1), w0 =z, uI(t)=y
has a solution u(-) in C?(R*, E) given by

W'(t)z +W(t)(y — Az) + /Ot W(t—s)f(s)ds

where W (t) is defined as in Corollary 13. If BRy = R)xB on D(A), then every
solution s unique. Otherwise the solution s unique among all solutions u(-) for
which Bu(-) s a continuous function.

PROOF. (i) If f(-) is continuously differentiable, then, by Lemma 16, t —
fot Ti(t — s)f(s) ds is continuously differentiable. Hence the statement of the corol-
lary follows from Theorem 15.

(ii) Let f(-) be a function from R* into D(A) such that Af(-) and Bf(-) are
integrable. From the equation

ATy (t - s)f(s) = Tu(t — s)Af(s) + Ta(t — 5)Bf(s) — Ts(t — ) f(s)

we obtain fot Ti(t — s)f(s)ds € D(A) for every t > 0. By Lemma 17 and Theorem
15 the statement of the corollary follows. O

PROPOSITION 19. Let A be the generator of a strongly continuous semigroup
on E and let B be a closed linear operator on E with D(A) C D(B). Let f be a
continuous function from Rt into E. Then, for every x € D(A), the integrated
Cauchy problem

¢
uM(t) = Au(t) +/ (Bu(s) + f(s))ds, uw(0) ==z
0
has a unique solution u(-) in C*(R*,E). The solution is given by
t
W'(t)z + / W(t—s)f(s)ds
0

where W (t) s defined as in Corollary 13.
PROOF. Define

z(t) .= W' (t)z +/0 W(t—s)f(s)ds

=Ti(t)z + /Ot Ta(t — s)f(s) ds.

Then, as seen in the proof of Theorem 15, z(-) is continuously differentiable, z(t) €
D(A) for every t > 0 and

eW(t) = Az(t) + T3(t)z + /Ot Ta(t —s)f(s)ds

= Az(t) + /Ot(BTl(s)a: + Ty(t — s)f(s))ds.
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We have to show that

/OtT4(t—s)f(s)ds=/0t <B/03T2(s—r)f(r)dr+f(s)> ds.
Therefore define .
o0) = [ Tat = 9)1(s)ds
and
h(t) = /0 t (B /0 " To(s = r)f(r) dr + f(s)) ds.
Then ¢(0) = h(0) and

R (t) = B/Ot To(t —r)f(r) dr + £(2).

Now, by Lemma, 12,

2(g(t+h) — g(t)) = 3 (Ta(k) - Dg(t
+

t
7T [ Tt = o)1 (s) do

t+h

t3 [ T+ h-9)f(s)ds.
t .

Therefore g(-) is continuously differentiable and
t
o) = B | Talt - 9)f(s)ds + 1(0) = hO(0),
0
This proves that z(-) is a solution of the integrated problem. Furthermore

Bz(t) = BTy (t)z + /Ot BT, (t — s)f(s)ds

=Ti(t)z + /otTg,(t —3)f(s)ds. .

Hence Bz(-) is even continuous and not only integrable. Suppose there is another
solution v(-) of the integrated problem. Then h(-) = z(-) — v(-) is a solution of

t
uM(t) = Au(t) +/ Bu(s) ds, u(0) =0.
0
By Corollary 14 it follows that h(t) = 0 for every t > 0. O

In the same way as in Theorem 15 we characterize existence of solutions of a
semilinear damped second order equation.

PROPOSITION 20. Let A be the generator of a strongly continuous semigroup
on E and let B be a closed linear operator on E with D(A) C D(B). Let f be a
function from [0,T) X E into E such that f(-,u(-)) is a continuous function from
[0,T] into E whenever u(-) € C([0,T), E). Define W(t) (= Tz(t)) as in Corollary
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14 (as in Lemma 12). The following statements are equivalent:
(i) For every z,y € D(A) the semilinear damped Cauchy problem
u?(t) - AuD(t) - Bu(t) = f(tu(t), w(0) =z, «M(0)=y
has a solution u(-) in C?([0,T)], E) N C*([0,T), [D(A)]).
(ii) For every z,y € D(A) the integral equation
¢
ult) = WOz + Wy~ Az) + [ W(e—)f(s,uls)) ds
0
has a solution u(-) in C([0,T), E) such that t — fot W'(t—s)f(s,u(s))ds is contin-
uously differentiable on [0, T).
PROOF. (i) — (ii). Let u(-) be in C2([0, T}, E)NC*([0, T}, [D(A)]). Then u(})()
maps [0,T] into D(A) and Au() is continuously differentiable. Let A := [51].

Define
z(t) = (z1(t), z2(t)) = (u(t),wV(t) — Au(t))

and F:[0,T] x (Ex E) - E x E, F(t,z(t)) := (0, f(¢t,z1(t)). Then z(-):[0,T] —
D(A), z(-) € C1([0,T],E x E) and

zM(t) = Az(t) + F(t,z(t)), z(0) = (z,y — Az).
Therefore z(-) is a continuously differentiable solution of the integral equation

u(t) = T(H)u(0) + /0 "It = 8)F(s, u(s)) ds

where I'(t) is the semigroup generated by A (see Lemma 12). This implies that
z1(-) € C*([0,T], E) is a solution of

u(t) =Ti(t)z + T2 (t)(y — Az) + /Ot Ta(t — s)f(s,u(s)) ds

=W'(t)z + W(t)(y — Az) + /Ot W(t — s)f(s,u(s))ds.

By definition of z;(-) we have z;(-) € C%([0,T], E). In the same way as in the proof
of Theorem 15 we obtain

#{V(t) = To(t)Bz + Ty (t)y + / t Ty(t — 5)f(s, z1(s)) ds
0
=W(t)Bz +W'(t)y + /Ot W'(t —s)f(s,z1(s)) ds.

From the continuous differentiability of zgl)(-), W (-)Bz and W’(-)y we conclude
that t — f(f W'(t — s)f(s,u(s))ds is continuously differentiable on [0, T.

The proof of (ii) — (i) is the same as the corresponding part of the proof of
Theorem 15 and is omitted. O

COROLLARY 21. Let A be the generator of a strongly continuous semigroup
on E and let B be a closed linear operator on E with D(A) C D(B). Let f be a
function from [0,T] X E into E such that f(-,u(-)) is a continuous function from
[0,T] into E whenever u(-) € C([0,T), E). Define W(t) (= Ta(t)) as in Corollary
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14 (as tn Lemma 12) and let x € D(A). The following statements are equivalent:

(i) The integral equation
u(t) =W'(t)z + /Ot W(t—s)f(s,u(s))ds

has a solution v(-) i C([0,T), E).
(ii) The integrated Cauchy problem

uD(t) = Au(t) + /t(Bu(.s) + f(s,u(s))ds, u(0)==z
v(-) € C([0,T),E) and

has a solution v(-) with the properties v(-): [0,T] — D(A),
B’U() € C([Oa T]7E)
(i1). Let v(-) be a solution of the integral equation,; i.e.,

PROOF. (i) —
v(t) =Ti(t)z + /(: To(t — 8)f(s,v(s)) ds.

Then v(-):[0,T] — D(A), v(-) € C*([0,T], E) and
vM(t) = Av(t) + Ta(t)z + /t Ta(t — s)f(s,v(s))ds
0

= Av(t) + /Ot BTi(s)z + Ta(t — 8)f(s,v(s)) ds.

In the same way as in the proof of Proposition 19 we show

Ty(t - 8)f( B/ Ta(s = r)f(r,v(r)) dr + f(s,v(s)).
=T3(t)z+

Therefore v(-) is a solution of the integrated Cauchy problem and Bv(-)
Jo Ts(t — ) f(s,v(s)) ds is a continuous function

(if) — (i). Let v(-) be a solution of the integrated Cauchy problem with the
properties stated in (ii). Then the function
(v(t) / Bu(s) + f(s,v(s)) ds)

t — z(t)
[ 0])and

is in C1([0,T), E x E), z(-):[0,T] — D(A) (A =

Aﬂl«‘(t) = (v(l)(t) Bu(t)) = «(t) - F(t, 2(t))

where F(t,z(t)) := (0, f(t,z1(t)) and z(t) := (z1(t),z2(t)). Therefore z(-) is a
solution of z(1)(t) = Az(t) + F(t,z(t)), z(0) = (z,0), and hence a solution of

z(t) = T'(t)(=,0) +/0 I'(t — s)F(s,z(s)) ds,

where I'(t) is the semigroup generated by A. This implies
t
21(t) = Ty )z + / Ty(t — 5)f(s, 71(s)) ds.
0
(t) and therefore v(-) is a solution of the integral equation. O

But z;(t) =
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EXAMPLE. Let A be the generator of a strongly continuous semigroup (7'(t))
on a Banach space. In many applications (e.g. the linear strongly damped wave
equation, the Klein-Gordon equation, the vibrating beam equation etc., see the
discussion following Corollary 10, [1 and 27]) the damped second order Cauchy
problem appears in the form
(#) uP@(t) — (aA + bD)uM(t) — (cA + dDu(t) = f(2),

w0) =z, wV0)=y
where a is a positive real number, b,c,d are arbitrary complex numbers and f(-)
is a function satisfying, for example, the conditions of Corollary 18. As proved in

Theorem 11, the homogeneous Cauchy problem (#) is well-posed. By Corollary
18, for every z,y € D(A) the unique solution of (#) is given by

W'(t)z +W(t)(y — Az) + /t W(t—s)f(s)ds
0

where W (t) is the inverse Laplace transform of

A= Ry = (\(A - (aA +bI) — (cA +dI))~*
1 R( 1 (A?-Ab-d),A).

=a)\+c al+c

In order to determine W (t) we will recall two elementary operations from Laplace
transform theory (see [4]):

(1) If F(t) is the inverse Laplace transform of f()), then (1/a)e®*/2F(t/a) is the
inverse Laplace transform of f(aA —b) if a > 0 and b € C.

(2) If F(t) is the inverse Laplace transform of f(A), then

/0 Jo(2+/(t — 8)s)F(s)ds

is the inverse Laplace transform of (1/A)f(\ + 1/)), where Jo(t) stands for the

Bessel function
[eS) 1 ¢ 2n
S0 (3)
n=0

Now suppose ¢ := (—d + c?/a? + bc/a)~1/? > 0. Define f := 1/aq, g := f/qg,
h:= (1/a)(b+2c/a) and i := h/f. Then, by the elementary operations (1) and (2)
the following is true:

(a) (¢/a)R(), A)z is the Laplace transform of (g/a)T(¢t)z.

(b) (¢/a)R(f(A + 1), A)z is the Laplace transform of (g/af)e "T(t/f)z.

(c) (g/a) - (1/N)R(f(A+ 1/A +1), A)z is the Laplace transform of

/O o (29 =5) Lot (;) rds,
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is the Laplace transform of
Ty (Ge)e) e (5) =
- = * = | zds.
af/ 0 S)sj|e f

%z',\+lc/aR<£<’\+c>+,\+/ +hA)
1 R( 1 (AZ—,\b—d),A>

Tate aA+c
is the Laplace transform of

t/q .
ie—(C/a)t/ Jo (2 (E - s) s) e T <i> Tds
af 0 q f
t
— e“(c/a)t/ Jo (%, /(t - s)s)e_ah"T(as)z ds
0
t
= et [, [2 a4 S ) s)s] b2/ (g5); ds.
0

Therefore, for ¢ > 0 and every =z € E, W(t)z is given by the last expression. By
some tedious calculations it can be seen that this expression is a solution of (#)
(with v(0) = 0 and v(0) = z) not only for ¢ > 0 but for every complex number
b,c,d and every a > 0. Hence, by Theorem 11, W(t)z is given by

t
e (/) / Jo [2 —d+-—+ V(D) ]e“”Lz‘c/“)’sT(as)wd8
0

If the semigroup (T'(t)) generated by A is known we obtain by

W'(t)z +W(t)(y — Az) + /Ot W(t—s)f(s)ds

an explicit expression of the unique solution of (#). O
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